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We show that the chiral multifold fermions present a dual Haldane sphere problem in momentum
space. Owing to the Berry monopole at the degenerate point, a dual Landau level emerges in
the trace of quantum metric, with which a quantized geometric invariant is defined through a
surface integration. We further demonstrate potential manifestations in the measurable physical
observables. With a lower bound derived for the finite spread of Wannier functions, anomalous
phase coherence is identified accordingly for the flat band superconductivity. Potential experimental
probes of the quantum metric are also discussed.
Chiral multifold fermions have received much atten-
tion of modern condensed matter research in recent years
[1–9]. These fermions possess a topologically protected
degenerate point in momentum space (Fig. 1), around
which the low-energy theory exhibits an effective spin-
momentum locking. Such structure generically hosts
nontrivial topological features in the eigenstates, as cap-
tured by the Berry monopole charge at and the Chern
number computed over a surface enclosing the degen-
erate point. The chiral multifold fermions potentially
own a variety of novel characteristics. These include
the exotic superconductivity with unconventional pair-
ing and/or dramatic enhancement from flat bands [10–
13], as well as the novel optical responses [14, 15]. The
study of materials with prototypical spin-1/2 chiral mul-
tifold fermions, known as the Weyl semimetals, has de-
veloped as one of the mainstreams in modern condensed
matter research in the past decade [1]. Meanwhile, some
realizations with higher spins, including spin-1 and 3/2
fermions, have also been uncovered in the solid state ma-
terials [2, 3, 5–9]. Moreover, the realm of higher-spin
systems can potentially also be explored with ultracold
atomic systems through the coupling of atomic hyperfine
states [16, 17].
Compared to the extensively studied topological prop-
erties of eigenstates, the ‘geometric’ aspects have not
been explored in depth. For an eigenstate dependent on
a set of adiabatic parameters, the variation in parameter
space manifests in both the magnitude and the phase.
The phase variation is known as the Berry phase, which
corresponds to the topological properties of the eigen-
state. Meanwhile, the magnitude variation reflects the
‘quantum distance’ between the initial and final states
under the parameter change, and is captured by the
quantum metric [18–20]. Such feature can be experimen-
tally probed [21–27] by, for example, a periodic drive
measurement. The quantum metric manifests on a vari-
ety of occasions, including the finite spread in Wannier
orbitals [28–30], the anomalous superfluid stiffness on flat
bands [31–33], the realization of fractional Chern insula-
tors [34, 35], the geometric contribution to orbital sus-
ceptibility [36, 37], the current noise [38], the indication
of phase transition [39–41], and the measurement of ten-
sor monopoles [42]. Despite the broad range of proposed
applications, the inherent properties of quantum metric
have not been investigated elaborately.
In this Letter, we aim to understand the inherent
properties of quantum metric for the chiral multifold
fermions. We show that a dual Haldane sphere problem
[43] emerges in the computation of the trace of quan-
tum metric owing to the Berry monopole in the momen-
tum space. A quantized geometric invariant can be de-
fined through a surface integration, and together with
the Chern number it establishes a sum rule. We further
demonstrate the potential manifestations of such quan-
tized band geometry in the measurable physical observ-
ables. A lower bound is derived for the finite spread of
Wannier functions, which can trigger anomalous phase
coherence in the flat band superconductivity. We also
discuss about the potential probes of quantum metric in
the experimental systems.
We begin by introducing a minimal model of chiral
multifold fermions (CMF) in 3D. For spin-s fermion with
integer or half-integer spin s = 0, 1/2, 1, 3/2, . . . , the
Hamiltonian reads
HCMF,k = vk · S, (1)
where v is the effective velocity, k = kkˆ denotes the
momentum, and S represents the vector of spin-s op-
erators Sa’s with a = x, y, z. The Hamiltonian exhibits
2s + 1 eigenstates |usnk 〉 with energies εsnk = vkn, n =
FIG. 1. Energy dispersions of chiral multifold fermions with
spins 1/2 (left), 1 (center), and 3/2 (right).
ar
X
iv
:2
00
4.
03
60
9v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
7 A
pr
 20
20
2FIG. 2. A monopole emits radial fluxes which are perpen-
dicular to the spherical shells around it. Such configuration
illustrates the Berry monopole charge and Berry fluxes for
the chiral multifold fermions, as well as the Dirac magnetic
monopole and magnetic fields in the Haldane sphere.
−s,−s + 1, . . . , s (Fig. 1). These eigenstates are nonde-
generate except at the degenerate point k = 0. Nontriv-
ial topological properties are generically manifest in these
eigenstates. For the n-th eigenstate |usnk 〉, the calculation
of Berry flux Bsnk = i
∑
m 6=n〈usmk |∇kHCMF,k|usnk 〉∗ ×
〈usmk |∇kHCMF,k|usnk 〉/(εsmk − εsnk )2 yields Bsnk =
−(n/k2)kˆ [44]. An integration over any arbitrary closed
surface around the degenerate point leads to an integer
Chern number Csn = (1/2pi)
∮
dSk · Bsnk = −2n [45].
The integer Chern number is a topological invariant of
the eigenstate |usnk 〉. Such integer corresponds to a quan-
tized monopole charge qsn = Csn/2 = −n of Berry
flux Bsnk (Fig. 2), which is a momentum-space anal-
ogy of Dirac’s quantized magnetic monopole [46]. The
wavefunction of the eigenstate |usnk 〉 can be identified
based on symmetry. Since the Hamiltonian (1) mani-
fests a spin-orbit coupled rotation symmetry, the wave-
function follows the same symmetry and takes the form
|usnk 〉 =
√
4pi
∑s
m=−s〈ss;−mm|00〉Y−qsns−m(kˆ)|sm〉.
Here 〈ls;mlms|jmj〉 is the Clebsch-Gordan coefficient
with orbital, spin, total angular momenta l, s, j and
according axial components ml,s,j . Yqlm(kˆ) denotes
the monopole harmonics in the monopole-q sector
[47, 48], and |sm〉 stands for the Sz eigenstate.
Given 〈ss;−mm|00〉 = (−1)m/√2s+ 1, the wavefunc-
tion can be expressed in a more convenient form
|usnk 〉 =
√
4pi/(2s+ 1)
∑s
m=−s Y
∗
qsnsm(kˆ)|sm〉. With the
wavefunction in hand, the Berry connection Asnk =
〈usnk |i∇k|usnk 〉 can be derived, yielding consistent Berry
flux Bsnk = ∇k ×Asnk and Chern number Csn = 2qsn =
−2n with previous discussions.
For the eigenstate |usnk 〉 of the chiral multifold fermion
model (1), the variation under momentum change is
measured by the quantum geometric tensor T snabk =
〈∂kausnk |(1− |usnk 〉〈usnk |)|∂kbusnk 〉, the real and imaginary
parts of which correspond to the quantum or Fubini-
Study metric gsnabk = Re[T
sn
abk] [18–20] and the Berry flux
Bsnak = −εabcIm[T snbck], respectively. Our interest lies in
the quantum metric
gsnabk =
1
2
(〈∂kausnk |∂kbusnk 〉+ 〈∂kbusnk |∂kausnk 〉)
+ 〈usnk |∂kausnk 〉〈usnk |∂kbusnk 〉,
(2)
a measure of the ‘quantum distance’ 1−|〈usnk |usnk+dk〉|2 =
gsnabkdkadkb. Remarkably, we discover a ‘quantized’ trace
Trgsnk =
1
k2
[s(s+ 1)− (qsn)2] (3)
for the quantum metric of chiral multifold fermions,
which is determined by both the angular momentum s
and monopole charge qsn. Eq. (3) is the main result of
this Letter. It is indifferent to the orientation because of
the rotation symmetry, and furthermore, the k−2 depen-
dence implies a quantized invariant
Gsn =
1
2pi
∮
dSk · kˆTrgsnk = 2[s(s+ 1)− (qsn)2], (4)
provided the integral domain encloses the degener-
ate point. The quantization of Gsn originates from
the monopole harmonics wavefunction |usnk 〉, which is
protected by the spin-orbit coupled rotation symme-
try around the degenerate point. We thus uncover a
‘symmetry-protected geometric invariant’ Gsn in the chi-
ral multifold fermion model (1). This geometric invariant
is different from the Chern number Csn, which is well-
recognized for the chiral multifold fermions. Despite the
difference, a ‘sum rule’ of these two invariants can be
established from the quantization rule
Gsn +
(Csn)2
2
= 2s(s+ 1), (5)
where the angular momentum s sets a measure of the
sum. Note that the spin-s chiral multifold fermions ex-
hibit the maximal Chern number |Css| = 2s. This sets
a lower bound for the geometric invariant Gsn = |Csn|,
as has been identified from the positive definiteness of
quantum geometric tensor [31].
To understand how the chiral multifold fermions ac-
quire the quantized trace of quantum metric (3) and the
geometric invariant Gsn (4), we consider an alternative
expression of the quantum metric (2)
gsnabk =
1
2
〈usnk |{rsna , rsnb }|usnk 〉. (6)
Here the position rsn = i∇k − Asnk corresponds to
the covariant derivative in momentum space, where the
3Berry connection is involved [35]. Notably, the trace
of quantum metric Trgsnk = 〈usnk ||rsn|2|usnk 〉 manifests
the momentum-space Laplacian |rsn|2 in the presence of
Berry monopole charge qsn. Since the eigenstates are
composed of monopole harmonics Y ∗qsnsm(kˆ), the radial
part of Laplacian (kˆ · rsn)2 does not contribute, leav-
ing only the angular part |rsn|2‖ = |rsn|2 − (kˆ · rsn)2 in
the trace of quantum metric. The angular part of Lapla-
cian can be related to the ‘dynamical angular momentum’
Λsn = rsn × k through |Λsn|2 = k2|rsn|2‖. This leads to
an alternative form of the trace of quantum metric
Trgsnk =
〈
usnk
∣∣∣∣ |Λsn|2k2
∣∣∣∣usnk 〉 , (7)
which captures the manifestation of dynamical angular
momentum in the eigenstate |usnk 〉.
Amazingly, the trace of the quantum metric is alge-
braically equivalent to the energy expectation value of
an electron moving on a sphere enclosing a Dirac mag-
netic monopole. When a Dirac magnetic monopole is
present at the center of the sphere (Fig. 2), the 2D elec-
tron gas experiences a uniform perpendicular magnetic
field, thereby manifests the quantum Hall effect. This
implies a Landau level quantization for the eigenstates
in the energy spectrum [43]. The Hamiltonian describ-
ing this ‘Haldane sphere problem’ is H = |Λ|2/2meR2,
where Λ = R × (−i∇ + eA) is the dynamical angular
momentum, R = RRˆ is the position at constant radius
R, me and −e are the electronic mass and charge, and
A is the electromagnetic gauge field. Rotation symme-
try enforces the angular momentum l and its axial com-
ponent m as the good quantum numbers. These quan-
tities then determine the quantized Landau level energy
Eqlm = [l(l+1)−q2]/2meR2 in the presence of monopole
charge q [49, 50]. The result immediately suggests an
analogous quantization for the trace of quantum metric
(7) in the chiral multifold fermion model (1). As ‘dual
Haldane spheres’ in momentum space, the chiral multi-
fold fermions manifest the ‘dual Landau level quantiza-
tion’ (3), consistent with our previous observation from
direct calculation. Note that the eigenstates in the Hal-
dane sphere exhibit the monopole harmonics wavefunc-
tion ψqlm(R) = Yqlm(Rˆ) [49]. This feature again eluci-
dates the dual relation between Haldane sphere and chi-
ral multifold fermions, where the monopole harmonics
wavefunctions are also manifest in the eigenstates.
Having dualized the computation of Eq. (7) onto a Hal-
dane sphere, we now illustrate how the trace of quantum
metric acquires the quantization (3) for the chiral multi-
fold fermions. The essential point is to uncover the rela-
tion between the dynamical angular momentum Λsn and
the actual angular momentum Lsn under rotation sym-
metry [43]. This can be achieved by examining the com-
mutation relations and composing the one which satisfies
the SU(2) Lie algebra. The analysis starts by calculat-
ing the communation relation of dynamical angular mo-
mentum, yielding [Λsna ,Λ
sn
b ] = iεabc(Λ
sn
c − qsnkˆc). This
result motivates the derivation of another commutation
relation [Λsna , kˆb] = iεabckˆd. Based on these two relations,
we identify the angular momentum as Lsn = Λsn+qsnkˆ,
whose commutation relation manifests the SU(2) Lie al-
gebra [Lsna , L
sn
b ] = iεabcL
sn
c . A correspondence between
the angular momentum and the good quantum number
in the model (1) is then established |Lsn|2 = s(s+1). To
calculate the trace of quantum metric (7) in terms of the
good quantum numbers s and q, we utilize the expression
|Λsn|2 = |Lsn−qsnkˆ|2 and note that Λsn·kˆ = kˆ·Λsn = 0.
The calculation confirms the dual Landau level quanti-
zation for the trace of quantum metric (3). This further
justifies the validity of geometric invariant Gsn (4) and
the sum rule (5) along with the Chern number Csn. De-
spite the initial induction based on observation, the dual
Haldane sphere provides a rigorous and concise deriva-
tion that solidates the results.
The quantized trace of quantum metric (3) and ac-
cording geometric invariant (4) can have interesting ef-
fects on various measurable physical quantities. To study
these manifestations, we assume a general 3D multior-
bital system which exhibits a multiband structure and
holds the chiral multifold fermions. The model (1) is re-
alized at a band crossing point K in the Brillouin zone
(BZ), with the eligible region RCMF defined by a radial
momentum cutoff Λk. Note that the spin-orbit coupled
rotation symmetry serves as an approximate symmetry
in this low energy theory. For a certain band involved
in the band crossing, the Bloch state |unk〉 is described
by the eigenstate |unk〉 = |usnk 〉 of the model (1) in the
eligible region RCMF. On the linearly dispersing bands
n 6= 0, the Fermi surfaces are spherical shells at finite
doping from the band crossing. Such spherical shells lo-
cate at radius kF = |µ|/v|n|, where µ 6= 0 is the relative
chemical potential to the band crossing. Meanwhile, the
flat bands n = 0 can occur in the integer spin models
s = 0, 1, 2, . . . . The according Fermi surfaces at µ = 0
are solid spheres with radius Λk, which covers the whole
eligible region RCMF of the low energy theory.
An important basis for the manifestations of quantum
metric lies in the spread of Wannier functions [28–30].
Wannier functions are the localized representations of
electronic states in real space. For a band |unk〉 in the
multiband structures, the Wannier function |Rn〉 at lat-
tice vector R is constructed by a Fourier transform from
the Bloch states |Rn〉 = (V0/V)
∑
k
∫
r
|r〉〈r|unk〉eik·(r−R).
Here V0 and V denote the volumes of primitive unit cell
and whole system, respectively. The availability of ex-
ponentially localized Wannier functions are usually ex-
pected for a single isolated band [30]. However, such
exponential localization may be lost for a single band
in a set of composite bands, known as the Wannier ob-
struction. To capture the localization in the Wannier
functions, the ‘spread functional’ Ωn = 〈0n|r2|0n〉 −
4〈0n|r|0n〉2 has been defined as a quantitative measure
[28]. This functional contains a gauge invariant part
ΩnI as a lower bound Ω
n ≥ ΩnI , which is constant un-
der any gauge transformation |unk〉 → eiφ
n
k |unk〉. Sig-
nificantly, the contribution from band geometry is en-
coded in the gauge invariant part of spread functional
ΩnI = (V0/V)
∑
k Trg
n
k . As the k-dependent orbital com-
position occurs, the single band is insufficient for ex-
ponential localization, leading to a finite spread in the
Wannier function. For the bands involved in the band
crossing (1), the contributions from the chiral multi-
fold fermions can be further distinguished ΩsnCMF,I =
(V0/V)
∑
RCMF,k Trg
sn
k . Note that the trace of quantum
metric is a momentum-space Laplacian, which is positive
definite at any point in the Brillouin zone. Due to this
feature, a lower bound of the spread functional can be
determined solely by the band geometry of chiral multi-
fold fermions ΩsnI ≥ ΩsnCMF,I . With an integration over
the eligible region RCMF, we determine this lower bound
from the geometric invariant Gsn (4)
ΩsnI ≥
V0Λk
4pi2
Gsn. (8)
Notably, the bands with smaller monopole charge (such
as the flat trivial bands with qs0 = 0) exhibit larger lower
bounds for the finite spread. This feature differs remark-
ably from the usual understanding of Wannier obstruc-
tion, which expects a higher degree of obstruction on a
band with more nontrivial topology.
As a direct consequence of Wannier obstruction from
band geometry, the chiral multifold fermions can form
superconductivity even if the bands are (nearly) flat [12].
When a superconducting band is flattened, the Cooper
pairs become nondispersive and well localized. This may
lead to the lost of interpair communication, thereby sup-
press the phase coherence of superconductivity. A quan-
titative measure of phase coherence is provided by the
superfluid stiffness DSab, which captures the response of
a supercurrent jSa to an electromagnetic gauge field Ab.
The scaling DSab ∼ v2F with respect to Fermi velocity vF
confirms the loss of phase coherence DSab → 0 in the flat
band limit vF → 0. Due to the absence of global phase
coherence, the obstruction to superconductivity is usu-
ally expected on flat bands. Nevertheless, ‘anomalous
phase coherence’ may arise and support superconductiv-
ity on a single flat band in a set of composite bands [31].
Despite the localization of Cooper pairs, the overlaps of
wavefunctions from Wannier obstruction can still medi-
ate the phase coherence. Such effect is reflected by the
anomalous superfluid stiffness [12, 31–33]
DS,ngeom,ab(T ) =
1
V
∑
k
2|∆k|2
Enk
tanh
Enk
2T
gnabk, (9)
where ∆k is the superconducting gap function, E
n
k is the
quasiparticle energy, and T is the temperature. As a
simplest illustration for the chiral multifold fermions, we
calculate the anomalous superfluid stiffness of a uniform
superconductivity ∆k = ∆(T ) on the flat bands n = 0
[12]. With the quasiparticle energy Enk = |∆|, a pro-
portionality to the gap function is established at zero
temperature T = 0
TrDS,sngeom(0) =
Λk
2pi2
|∆(0)|Gsn. (10)
This result is also valid for the linearly dispersing bands
n 6= 0 in the flat band limit v → 0. Note that the geomet-
ric invariant Gsn (4) serves as an important measure of
the anomalous superfluid stiffness. While previous works
have adopted the relation Gsn ≥ |Csn| and determined a
lower bound from the Chern number [31–33], our analy-
sis uncovers a more precise ‘geometric dependence’ par-
ticularly for the chiral multifold fermions. Interestingly,
the bands with smaller Chern numbers manifest larger
anomalous superfluid stiffness, which differs significantly
from the usual expectations.
With the anomalous superfluid stiffness derived, we
can further estimate the critical temperature Tc ∼
D¯S,sngeomξ for the flat band superconductivity [51, 52]. Here
D¯S,sngeom = [
∏
aD
S,sn
geom,aa(0)]
1/3 = (Λk/6pi
2)|∆(0)|Gsn from
rotation symmetry DS,ngeom,aa = D¯
S,sn
geom, and an estimation
of coherence length ξ ∼ Λ−1k is utilized [12, 52]. Note
that the flat band pairing leads to a dramatic enhance-
ment |∆(0)| ∼ V nsn, where −V < 0 is the attraction and
nsn is the number of states in the eligible region RCMF
per unit volume [10, 12]. The resulting critical tempera-
ture manifests a linear scaling in the interaction strength
Tc ∼ V nsnGsn, (11)
which is much higher than the conventional exponen-
tial scaling. Such dramatic enhancement is available
solely because the chiral multifold fermions host nontriv-
ial band geometry that supports anomalous phase coher-
ence for flat band superconductivity.
Several experimental methods have been proposed and
realized to probe the quantum metric [21–27, 38]. One of
the main methods is based on the periodic drive to the
system [22]. Consider a linear shake δHa = 2E cos(ωt)ra
with amplitude E, frequency ω, and time t on a multi-
band system. The initial state is prepared as a Bloch
state at momentum k in the lowest-energy band, which
may be realized by loading an according wave packet
adiabatically. Significantly, the diagonal components of
quantum metric can be obtained from the integrated
transmission rate Γinta = 2piE
2gaak under the periodic
drive. Here the integrated rate reads Γinta =
∫
ω
Γ(ω), and
Γ(ω) is the time-averaged transmission probability to all
of the higher-energy bands. The trace of quantum met-
ric can thus be determined by applying the shake along
all directions a = x, y, z and measuring the transmission
rates. Some other methods have also been proposed, such
5as the measurement by detecting the current noise [38].
Note that the single-band quantum metric can only be
probed for the lowest-energy band in all of these meth-
ods. The target of a particular band may serve as an
important goal in the future development of experimen-
tally probes.
In summary, we derive an exact quantization rule for
the trace of quantum metric for the chiral multifold
fermions for any spin. Such derivation is achieved by
dualizing the computation onto a Haldane sphere in mo-
mentum space. The quantization may physically man-
ifest itself in the finite spread of Wannier functions, as
well as the according anomalous phase coherence of flat
band superconductivity. Experimental probes with peri-
odic drive may be adopted to obtain the quantum metric.
Potential applications to the other physical observables
may serve as interesting topics for future work. Mean-
while, our paradigmatic analysis may also be generalized
to the other gapless topological materials, such as the
nodal loop semimetals [53–55] and the topological spin-
tronic devices [56]. Our analysis indicates a new frame-
work of how the novel properties can originate from band
geometry, thereby opens a new route toward the under-
standing of unconventional states of matter.
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